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Problems

Question 1
Part (a)

Let f € L'(R). Show that

isin Ly([-m, 7t]).

Part (b)

With ¢ as in part (a), let ¢, for n in IN be the Fourier series coefficients given by:

= Lﬂ J:z (j)(x)e_i”xdx

Show that the Fourier transform of f evaluated at »n

= j fx)e ™ dx = c,.
R

Part (c)
Suppose that
N 00
1\1{1_1)1(1)0271 Z f(2mn) = Z Chn (D
n=—N n=-00

Then deduce that . .

Z cp=2m Z f(2mn)

n=—co n=—00

as required.

Part (d)

For t = 0, set
filx)=f(tx), fe€ Ll(—oo,oo)

yielding f; € L!(~co, o) for all t as above. Show that

2nth2ntn Z]:f]( ) t=0.

n=—oo n=—oo
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Question 2
Part (a)

Let
2

$ulx) = Hy(x) eXp(—%), <eR

H B 1, n=0
(%) = (—1)"exp (x2)4L2 exp(—xz)], n>1

Show that the sequence (¢,,),cn is an orthogonal one in L?(IR).

and

Part (b)
With (¢,,),en and (H,,),en be as above. Show that
H,.1(x)=2xH,(x)-2nH,_1(x), n>1 (2)

and
d

%Hn(x) =2xH,(x)- H,11(x)=2nH,_1(x), n>1.
Part (c)

Find eigenfunctions of the Fourier transform with eigenvalues c,, = V2n(-i)" for
n > 0.

1 Solutions

Question 1
Part (a)

It suffices to show that

N
= Zf(x+2rcj), xeR

=N

is Cauchy in L (-7, 7t). To this end, consider without loss of generality the norms for
n > m both in IN:

| TR J (x + 27j) (x + 27j) 3)
4)11 (Pm L (-m,m) o] ];f ] ]_Z_;nf ]
:271J Z fx+2mj)+ Z f(x+2mj)|dx
[-77] j=m+1 j=—m-1
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n —n
<2m Z J{_nn]lf(x+2nj)|dx+2n Z f[m]|f(x+znj)|dx

j=m+1 j=—m-1"1"

by the triangle inequality. Furthermore, by the change of variables formula for the
Lebesgue integral, one obtains:

n

—n
U= Dolle. ) < 27 j |f (x)ldx+2m f |f (x)ldx
PPl ) Z’ [~m+27],04+27 ] / Z [-7+2mj,m0+27]] d

j=m+1 j=—m-1
S27‘(J |f(x)|dx+27‘(f |f (x)|dx
[2rem+1,00) (—o0,—2mtm—7t]
since the sets
Aj=[-n+2mj,m+2nj], je€Z 4)

have disjoint interiors. Additionally, the fact that f is in L;(—co,o0) gives (by the
Dominated convergence theorem) that

J If (x)ldx +J If (x)ldx >0, asM — oo
[M,c0)

(—oo,M]

which yields that

lim Sup“({)n_qu”Lll(—n,n) < 27TJ |f(x)|dx+27zf |f(x)|dx -0, m—ooo
[27em+11,00)

n>m (—o0,—21tm—7t]

showing that the sequence of ¢y is Cauchy in L|_ ), thereby converging to some ¢
in L|_y ) by completeness, as required.

Now, by definition of the ¢y and the triangle inequality, we have for all N > 1:

N
lpnlle rmg < 270 ) IFGe+ 27) 0 e
j=—N

N N
=270 ) IOt foresmjiezng) = 270 ) IF (LAl Cooe) < 270 IF (oo
j==N =N

using the fact that the sets (4) have pairwise disjoint interiors. Now, by the reverse
triangle inequality, passing to the limit as N — oo gives:

Pl s ] < 270 1l (—o0,00)

as required.
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Part (b)

The Fourier series coefficients c,, for n in IN are given by:

1 " —inx
Cp = EJ:n(j)(x)e dx

Since ¢y — P inL .,

1 T ;
ayN = EJ Pn(x)edx —>c,, N —> o0
-7t

which we now compute. Now, by (3):

N  x N

. TT+21j _ -
an,N = Z f(x+ 27.(]')e—mxdx — Z f f(x)e—lnx+2n]zdx

j:—N‘J_” j=N —Tt+27f

N ~mi2nj

_ Z F(x)e ™ dx = JIR Z Ly, (x)f (x)e " dx

]-:_Na—rc+2nj j=—N

with the Aj as in (4). Since,

N

Y Ly@fe ™ <If ol e L,

=N

and

N
) 14X (x)e™ = f(x)e ™, N - oo
j=—N

both almost everywhere, it follows from the Dominated convergence theorem that
N . .
an = [ ) tatosteiax - | e e =7
R R
the Fourier transform of f evaluated at n, as required.

Part (c)

The assumption in the statement of this question is equivalent to:

I\}i_r)nOOZR Z f(2mn) = Z Ch (5)

The previous sub-question then yields:

Y e Y Flfim=2n ) femn)

Nn=—oo n=—0o0 n=—oo

as required.

4
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Part (d)
Now, for t # 0, one can define
fix) = f(tx), f €Ll(~co,00)

yielding f; € L!(~co, c0) for all ¢ as above. This means that one can replace f with f,
in questions one part (a) and (b) to deduce that

where

This means that the same assumptions as in question one part (c) for ¢; and f;,
enable one to arrive at:

N 00
lim 27 Z fi(2mn) = 27 Z f(2mtn)
n=—N

N—oo
n=—oo

Y =Y Flaln - i fmft(x)e‘i""dx

00 ' 00 1 .
= (tx)e "™ dx = —j (x)e "t ¥dx
20 L

by the change of variables tx — x, finally giving

27t i f(2mrtn) = i Jmf(x)e_i?xdx: i }"[f](g), t=0

Question 2
Part (a)

It suffices to check that the inner products:

0, m=n

(P Pm)12(~o0,00) = { , mnelN

>0,m=n

where
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and

H,(x) = 1, n=0
e (-1)"exp(x )dd"n[exp( 2)], n>1

We first show by induction on n > 0 that

{dxn |exp(—x?)] = pu(x [eXp(—xz)] ©

pa(x) = (=1)"- 2"x" +-

i.e., p,(x) is a polynomial of degree n with leading coefficient (—1)"-2". Now, assum-
ing the inductive hypothesis (6), one can differentiate the first expression therein
and apply the product rule to obtain:

dn+1 d
daxn+1 [ xp(= )] = l—Zx palx)+ ﬁpn(x)l exp(—xz)

Clearly,
d
Pu1(x) :==2x-py(x) + Epn(x)

is a polynomial of degree n+ 1 with leading coefficient (—1)"*!.2"*!, Noting that the
case n = 0, holds trivially, we complete the proof by induction. This readily yields
that

H,(x) = (=1)" exp (x?)p,(x) [exp(~x?)|
=(=1)"[(-1)"-2"x" +---]=2"x"+---, n>0. (7)

a polynomial of degree n with leading coefficient 2”. Now, fix n > m in IN and
compute:

(s )2 eoc0) = fmqbn(xm(x)dx

2 2
- J (P”(x)(Pm(x)dx = J;I{HH(X) exp (_%)Hm(x) eXP(—%)dx

n

J H,( exp( )dx = (—1)”J;R ddx” [exp ]H

n

dx" [exp ]H = Pu(X)Hy(x) exp (-x)

Since

and

f(x)exp (=x?)
is integrable for all polynomials f(x) and vanishes as |x| — oo, we can integrate by
parts m + 1 times to obtain (just note that p,(x)H,,(x) is polynomial in x):

((Pn’(PM)LZ(—w,w) — (_1)n+m+1 f gn—m-1 [ ] dd”:}:l H, (x)dx =

R dxn—m—l
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since H,,(x) is a polynomial of degree m. An identical computation also gives for
n 2 O: ) d}’l—l’l ) d}’l
, _ =(=1)" —x°)|—=H,(x)d
(bl = (1P [ T [expload)] T )

n
= J exp(—xz)%Hn(x)dx =2". n!f exp(-x?)dx = \m2" -n! >0
R X R

by (7) and the standard formula for the integral of a Gaussian. This shows that the
system {¢,},cn is indeed orthogonal.

Part (b)

For n > 1, consider xH,(x); it is an n + 1 degree polynomial and hence can be ex-
panded in terms of Hy(x),k < n+ 1, as they are linearly independent polynomials
(this follows from the orthogonality of the ¢,(x)). Thus. we have the expansion:

an(x) = an+1Hn+l (X) + aan(x) +a,1H, (x) tee

where the a’s are real coefficients and can be computed as:

_ (X(Pn' (z)k)Lz(—oo,oo) ((Pnr x¢k)L2(—oo,oo)

M= (@ Pr)r2(-co0)  (Pho P)L2(-00,00)

by the orthogonality property of the ¢,, again and the definition of the inner product
as an integral. Now, notice that for k <n -2,

xHy(x) € span{Hy,"--, H, 1}
thus, (¢, XPi)12(-00,00) = 0 by orthogonality yielding a; = 0 and
xH,(x) = a1 Hypp1 (x) + a, Hy (x) + a1 Hyy 2 (%)
First, we notice that

= (XP 1 Pr-1)12(=00,00) B I]Rx'qbn(x)(Pn—l(x)dx
a (P Prt1)12(cco,00)  (Pu—1s Pr—1)12(—00,00)
(-1)" I]RXHH—I(x)% exp(—x?)dx _ Jx A [xH,,_1 (x)] exp(—x?)dx a2t

(q,)n’ q,)n)Lz(—oo,oo) (wa ¢H)L2(—oo,oo) a \/E(Vl -1 )!271_1

=n

Similarly, we have

(X Pui1)12(-ooc0) SR %~ Pn(X) i1 (X)dx

Qg = -
el (Drstr Pra1)12(—c000)  (Prs1s Prs1)12(=00,00)
n+1 n+1
B (—1)+ IIRan(x)% exp(—x?)dx ~ Jx A [xH, (x)]exp(-x?)dx _ Wr(n+1)12"
(¢n+1’¢n+l)L2(—oo,oo) (¢n+1r¢n+1)L2(—oo,oo) Vre(n+ 1)127+1
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2

Finally, notice that by the definition of the H,(x), they can only be either even or
odd. This can be seen inductively. The base case is trivially true. For the inductive
case, if H,_;(x) is either even or odd, one has that

H,1(x)exp (~x?)

is either even or odd. But, H,, can be expressed as

Hy(x) = (~1)exp () [,y () exp ()]

which is either even or odd, since derivatives of even functions are odd and vice
versa. This enables us to show that

o = (X, (Pn)Lz(—oo,oo) _ IIRx' Pn(x)pyu(x)dx
" (¢nr d)n)Lz(—oo,oo) (¢nl (PH)LZ(—oo,oo)
JIRxH,%(x)exp(—xz)dx

= =0
((Pn’ qbn)Lz(—oo,oo)

since xH?(x)exp(—x?) is an odd integrable function. This finally yields the desired
equality

H,.1(x)=2xH,(x)-2nH,_{(x), n>1 (8)

Now, for the second property:

20 = | 1) exp () exp ()
ar dn+1
= 2x(=1)"exp (x*) T exp (=x7) = (=1)"" exp (x*) 7 exp (=)
=2xH,(x)-H,.1(x)=2nH,_{(x), n>1 C))
by (8).
Part (c)

I claim that the ¢,(x) are eigenvectors of the Fourier transform with eigenvalues
¢, = V2m(—i)" for n > 0. The base case n = 0 can be checked directly giving

2

Flpo(x)](A) = J exp (—%)exp(—i/\x)dx

R

/\2
= \/ﬂexp(—7) =CoPo(A)
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by example four on pages 35-36 of the lecture notes. Now for the inductive part,
suppose that

Flpn(x)](A) = cyPpu(x)
and

7'—[%—1(96)](/\) = Cn—l(j)n—l(x)

with ¢, ¢,_; as above. One now computes
2
2

Flpnr1(x)](A) = LHn+1(x) exp(— )exp (—idx)dx

2

= J (2xH,(x) - 2nH,_;(x))exp (—%)exp (—iAx)dx
R

= J- 2xH, (x)exp (—x;)exp (—iAx)dx = 2nF[p,41(x)](A)
R

using (8). Furthermore, integration by parts yields:

X2
J 2xH,(x)exp (—?)exp (—iAx)dx
R

-2 lHn(x)exp (—%z)exp (—i/\x)r + 2[11{ dd_x (H,(x)exp (—i/\x))exp(—x;)dx

=2 L (%Hn(x) - i)\Hn(x)) exp (—iAx)exp (—%z)dx

Now, using property (9):

X2
= 2J (2nH,_1(x)—iAH,(x))exp (—iAx)exp (——)dx
R 2

= 4nF [Ppy-1(x)](A) = 2iAF [P, (x)](A)
Combining everything together, we have:
Flpur1(0)](A) = 4nF [py1(x0)](A) = 2iAF [ (x)[(A) = 20F [pr41 (x)](A)
= 2nF [¢p-1(0)](A) = 2iAF [Py (x)](A)
Finally, the induction hypotheses imply:
Flpunaa (0))(A) = 206,11 (1) =i Aey () = 20,1 Py (A) + 2(=1) ¢,y Apy(A)

= —Ch1Pni(A) = (_i)zcn—l¢n+1(/\) = Cps1Pus1(A)

using property (8) and that ¢, = (—i)" = (=i)c,_;. This completes the proof by induc-
tion as required.
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