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Gaussian universality: Brownian motion

Universality

Often, if some random outcome is a result of many different sources of
randomness, the details of those randomness do not matter much.

Brownian motion was observed by [Brown, 1828] as movement of
pollens in water.

[Bachelier, 1900], [Einstein, 1905], [Smoluchowski, 1906], ...

[Wiener, 1923] gave mathematical description of the sample paths.

Universality: [Donsker, 1951] Brownian motion is the scaling limit of
a random walk, or discrete-time stochastic processes with stationary
independent increments (Fluctuation: Space = 1 : 2).
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Beyond Gaussian universality

Many naturally occurring growth models exhibit the following features:

1 Height function change depends only on nearby heights

2 Independent space-time noise

3 Lateral growth depends non-linearly on the slope: Vertical effective
growth rate depends nonlinearly on local slope.

4 Relaxation mechanism

Tetris (randomized) Coffee stains
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Eden model

Introduced by [Eden et al., 1961] to study biological growth clusters
on a surface.

Neighboring sites get added to the cluster at rate 1.
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Fire front
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Ballistic deposition

Ballistic deposition model: Introduced by [Vold, 1959] to model
sedimentation of colloids

Ballistic deposition model

Unit blocks fall independently and in parallel from the sky above each site
of Z at rate 1 and stick to the first edge against which it becomes
incident.

Fluctuation: h(T , x)− c1T of
order T 1/3.

Transversal correlation in the
scale of T 2/3.

Scaling limit:
c2T

−1/3(h(T , 0)− c1T )
converges to Tracy-Widom
distribution from random matrix
theory.
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Ballistic deposition run for long time

Full scaling limit: c2T
−1/3(h(T ,T 2/3x)− c1T ), as a process in x , is

conjectured to converge as T → ∞ to a universal process.
Fluctuation : Space : Time = 1 : 2 : 3

hε(t, x) := ε1/2h(ε−3/2t, ε−1x)− Cεt

is conjectured to converge as ε → 0 to a universal process h(·, ·).
(Plug in t = 1 and T = ε−3/2 to get back the first equation)
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The Kardar-Parisi-Zhang equation (1986)
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What is the KPZ universality class?

All models in this class have a height function which has the “same
asymptotic fluctuations” under the 1:2:3 scaling as the KPZ equation.

More precisely, the height function started from h0 is to converge under
the 1 : 2 : 3 scaling to a universal object ht(·; h0) that

is a Markov process in t

whose distribution is fixed under 1 : 2 : 3 scaling, i.e., for all ε > 0,

ε1/2h(ε−3/2t, ε−1x ; ε−1/2h0(εx))
dist.
= h(t, x ; h0).

This universal object is the KPZ fixed point [Matetski et al., 2021]

Analogue of the Donsker’s theorem in this universality class!

A model is in the KPZ universality class, if starting from any height,
its height under 1 : 2 : 3 scaling converges to the KPZ fixed point.
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KPZ fixed point for special initial conditions

For the narrow wedge initial condition, h0(0) = 0 and h0(x) = −∞
elsewhere, h1(·) is the (parabolically shifted) Airy2 process.

For h0 ≡ 0, the flat initial condition, h1(·) is called the Airy1 process.

Brownian motion is invariant (except for height shift) for the KPZ
fixed point.

That is, the KPZ fixed point started from a Brownian initial condition
is again a (different) Brownian motion.

What can we say about the KPZ fixed point started from arbitrary
initial condition?

Does it still look “locally like a Brownian motion”?
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Definitions: local Brownianness

Local Brownian limit

F has local Brownian limit if the scaled process

ε−1/2(F (·+ ε·′)− F (·)) d→ B(·′) as ε → 0, where B is a Brownian motion.

Brownian on compact

F is called Brownian on compact if for all y1 < y2, the law of F (·)− F (y1)
on [y1, y2] is absolutely continuous wrt that of a Brownian motion (with
diffusion parameter 2) starting from (y1, 0) on [y1, y2].

Brownian on compact =⇒ local Brownian limit.
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Long quest

A central question in the study of the KPZ universality class was the local
Brownian nature of the KPZ fixed point.

[Corwin and Hammond, 2014]: Brownian on compacts for Airy2

[Calvert et al., 2019]: Bound on RN derivative for Airy2

[Calvert et al., 2019]: For general initial condition– Brownian
patchwork quilt. Question left open: if it can be reduced to a single
patch?

[Matetski et al., 2021]: Hölder 1/2− continuity and local limit
convergence for KPZ fixed point

[PR Pimentel, 2018, Pimentel, 2020]: local Brownian limit and
Hölder continuity for certain initial conditions

[Dauvergne, 2024]: L∞ bound on Radon-Nikodym derivative of Airy2
(up to height shift) on compacts.
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KPZ fixed point is locally Brownian

Theorem, [Sarkar and Virág, 2021]

For all finitary initial conditions h0, the KPZ fixed point at time t is
Brownian on compacts.

Application:

KPZ fixed point has a unique maxima on compacts (Johansson’s
conjecture!). In particular, Airy1 process has a unique maxima on
compacts.
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Quantitative Brownian regularity

µ ≪ ν means for any ε > 0 there is a δ > 0 such that whenever
ν(A) < δ one has µ(A) < ε.

Not very useful unless we have a relation between ε and δ.

Such a relation can be obtained by the growth condition on the
Radon-Nikodym derivative f = dµ

dν .

In particular, if f ∈ Lp for some p > 1, then by Hölder’s inequality

µ(A) ≤ C (ν(A))1−
1
p .

Thus bounds on the RN derivative of the KPZ fixed point wrt
Brownian motion will bound the KPZ fixed point probabilities by
Brownian probabilities, which are easy to compute!!

Conjecture, [Calvert et al., 2019]

The Radon-Nikodym derivative of the KPZ fixed point with arbitrary
initial data with respect to Brownian motion is in Lp for all p > 1!
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Main result

Quantitative Brownian regulrity, [Tassopoulos and Sarkar, 2025a]

The law of the KPZ fixed point started from arbitrary (finitary) initial data
on some fixed interval, µ, exhibits a form of quantitative Brownian
regularity of the form

µ(A) ≤ c exp
(
−d logr log

(
1/ν(A)

))
,

for some positive constants c , d > 0, r ∈ (0, 1) and all events A, where ν
denotes the Brownian measure.
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KPZ fixed point geometry: The Airy line ensemble and the
Airy Sheet

The proof uses a geometric representation of the KPZ fixed point as a
variational formula.

The parabolically shifted Airy line ensemble is a sequence of random
continuous functions A1 > A2 > . . ., introduced by
[Prähofer and Spohn, 2002] in the version Ai (t) + t2, which is
stationary in time.

The top line A1 is the (parabolically shifted) Airy2 process that
appear as the limiting spatial fluctuation of random growth models
starting from a single point.

The Airy sheet was constructed by [Dauvergne et al., 2022]. The
standard Airy sheet S : R2 7→ R is a random continuous function
defined as a last passage percolation across the Airy line ensemble.
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Airy sheet profile

Figure: Simulation of the Airy sheet on [−3, 3]× [−3, 3] using approximation by
Brownian last passage values. Note the parabolic curvature.
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KPZ fixed point as a variational formula

The KPZ fixed point at time 1 can be written in terms of the Airy
sheet S and the initial condition h0 : R 7→ R ∪ {−∞} as

h1(y) = sup
x∈R

(
h0(x) + S(x , y)

)
, y ∈ R .

h0(x)

S(x, y)

x

y
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Fixed point reduction

We proceed via a ‘localisation argument’: parabolic curvature of Airy
profile allows us to restrict the variational formula to a compact set K
(depending on h0 and the compact set where we want to evaluate the
KPZ fixed point).

Using the variational formula of the KPZ fixed point and the Airy
LPP representation of the Airy sheet, the KPZ fixed point at time 1
can be written as:

h1(y) = max
1≤ℓ≤ L0

(Gh0
ℓ + A[(0, ℓ) → (y , 1)] ) .

Geodesic intercept

‘Boundary data’ Gh0
ℓ

Last passage values over Airy line ensemble
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Geodesic transversal fluctuations

We obtain ‘stretched exponential’ concentration of geodesic intercepts L0,

Theorem, [Tassopoulos and Sarkar, 2025a]

sup
k∈N

exp(dk1/126) · P(L0 ≥ k) < ∞ ,

for some d > 0 and can also keep track of dependence on end point and
‘asymptotic slope’ of the geodesic.

This was achieved by establishing quantitative control over jump
times of last passage geodesics in the prelimiting (Brownian melon)
environments converging to the Airy line ensemble (under
edge-scaling).
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Transversal fluctuations of semi-infinite geodesics

Figure: Above is displayed the point (0, L0) at which the last passage path
π[x ′ → y ′] on the Airy line ensemble A = (A1,A2, · · · ) (purple) meets with the
axis {x = 0}, where x ′, y ′ > 0. Here L0 = 3 and the first four lines of A are
shown.
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Boundary data

Control on boundary data Gh0
ℓ is obtained through controlling geodesic

coalescence on the Airy line ensemble.

Boundary data Gh0
ℓ , ℓ ≥ 1 can be estimated for some x0 > 0 in the

max-plus support of initial data h0, K by
pointwise bounds on the initial data on K
pointwise bounds on G h0

1 which is coupled to the Airy sheet

lim
k→∞

|A[(−
√
k/(2x), k) → (0, ℓ)]−A[(−

√
k/(2x), k) → (0, 1)]|,

x > 0.

Theorem 3.7 in [Sarkar and Virág, 2021] shows the limit a.s.
stabilises eventually for k ≥ Kx , (due to the parabolic ‘curvature’ of
the Airy line ensemble). In [Tassopoulos and Sarkar, 2025a], we
obtain explicit tails for such ‘coalescence’ depths Kx , keeping track of
dependence on ℓ. In particular, we have for any θ > 0,

inf {m ≥ 1 : P(Kx ≥ m) ≤ θ} ≤ Cℓ256
(
exp

(
d log1000(1/θ)

))
for some C , d > 0.
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Airy line ensemble last passage values

To obtain control over A[(0, ℓ) → (y , 1)], y ≥ 0, ℓ ≥ 1 we use the
Brownian Gibbs resampling property of the Airy Line ensemble
[Corwin and Hammond, 2014], which briefly states that for a < b, k ∈ N,
the law of the Airy line ensemble restricted to the region

{1, 2, · · · , k} × (a, b) ,

A|{1,2,··· ,k}×(a,b), conditionally on all the data generated by the Airy line
ensemble outside of this region,

{Ai (x) : (i , x) /∈ J1, kK × (a, b)} ,

is given by k independent Brownian bridges with entry data
x = (Ai (a))1≤i≤k , y = (Ai (b))1≤i≤k conditioned to not intersect and stay
above f = Ak+1 on (a, b).
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Brownian Gibbs

Figure: Figure illustrating the Brownian Gibbs property on the first four lines of
the parabolic Airy Line ensemble A = {A1 > A2 > . . . } (in black) between two
points (indicated by the red vertical dashed lines). The blue curves represent
resampled versions of first four lines in the ensemble between the endpoints,
conditioning on everything else and avoiding the fifth line.
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Reduction to inhomogeneous Brownian LPP

The above bounds allow us with high probability to reduce the problem of
Brownian regularity of the KPZ fixed point to that of the inhomogeneous
Brownian last passage values,

max
k≤ℓ≤m

(gℓ + B[(0, ℓ) → (t, k)]) , t ≥ 0

for 1 ≤ k ≤ m and g1 ≥ . . . ≥ gm. In [Sarkar and Virág, 2021], it was
already demonstrated that its top line is absolutely continuous with
respect to Brownian motion on compacts. We strengthened this
comparison and obtained the optimal estimates.

Radon-Nikodym derivarive estimates for Inhom. BLPP,
[Tassopoulos and Sarkar, 2025b]

The Radon Nikodym derivative of the law of
max1≤ℓ≤m(gℓ + B[(0, ℓ) → (t, 1)]) away from zero against a rate two
Brownian motion on compacts is in L∞−. In particular, the Lp norms, for
p > 1, grow like Op(e

dpm2 logm), for some dp > 0.
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Inhomogeneous Brownian LPP

The estimates on the Radon-Nikodym derivatives of inhomogeneous BLPP
are obtained observing that

the inhomogeneous BLPP values can be represented as a finite
number of iterated Pitman transforms of Brownian motions;

this gives a semi-martingale decomposition of the inhomogeneous
BLPP values in terms of Brownian motions with singular drift given
by local time terms;

the above process can then be seen as a regular conditional
distribution of the ‘diagonal section’ of Warren’s Brownian motion,
[Warren, 2007];

this allows us to use explicit transition densities of the latter process
to obtain bounds on the Radon-Nikodym derivatives, by relating the
inhomogeneous case to the homogeneous one

and use the fact that the top line of homogeneous BLPP is actually
Dyson Brownian motion (through a continuous analogue of the RSK
correspondence, [O’Connell and Yor, 2002]).
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Future directions!

Can we prove the Radon-Nikodym derivative is in Lp for all p > 1?

Can we distinguish the KPZ fixed points started from different initial
data?

Ευχαριστώ για την προσοχή σας!
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Gauthier-Villars, Paris.

Brown, R. (1828).
Xxvii. a brief account of microscopical observations made in the
months of june, july and august 1827, on the particles contained in
the pollen of plants; and on the general existence of active molecules
in organic and inorganic bodies.
The philosophical magazine, 4(21):161–173.

Calvert, J., Hammond, A., and Hegde, M. (2019).
Brownian structure in the KPZ fixed point.
Preprint, available at arXiv:1912.00992.

Παντελής Τασσόπουλος (Cambridge) Brownian Regularity of the KPZ fixed point December 18, 2025 34 / 39



References II

Corwin, I. and Hammond, A. (2014).
Brownian Gibbs property for Airy line ensembles.
Inventiones Mathematicae, 195:441–508.

Dauvergne, D. (2024).
Wiener densities for the airy line ensemble.
Proceedings of the London Mathematical Society, 129(4):e12638.

Dauvergne, D., Janosch Ortmann, and Bálint Virág (2022).
The directed landscape.
Acta Mathematica, 229(2):201 – 285.

Donsker, M. D. (1951).
An invariance principle for certain probability limit theorems.

Παντελής Τασσόπουλος (Cambridge) Brownian Regularity of the KPZ fixed point December 18, 2025 35 / 39



References III

Eden, M. et al. (1961).
A two-dimensional growth process.
In Proc. 4th Berkeley Sympos. Math. Statist. and Prob, volume 4,
pages 223–239.

Einstein, A. (1905).
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